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DYNAMIC SIMULATION OF PARTICLES SUSPENDED IN FLUID
Cyrus K. Aidun*, Yannan Lu, and E-Jiang Ding
Institute of Paper Science and Technology, 500 10th Street, N.W., Atlanta, GA 30318
ABSTRACT the fundamental effect of inertia on particle motion, patti-
We have developed an efficient computational method cle interaction and microstructure, and effects on the bulk
for hydrodynamic analysis of solid particle(s)suspended in properties, we need to solve the full momentum equation
fluid. After a brief outline of the numerical technique, we to analyze the dynamics of individual particle suspended in
demonstrate the accuracy and robustness of our method the fluid. Progress has been made towards this goal by the
by comparing the results with (1) the asymptotic solutions recent finite element simulations of two-dimensional parti-
at small particle Reynolds number, Rep _ 1, for particle cles suspended in fluid by Feng, Hu, and Joseph (1994 a,b);
sedimentation and particles suspended in shear flows, (2) Huang, Feng, and Joseph (1994), and Feng and Joseph
2-D Finite Element simulations of single and multi-particle (1995). These results provide considerable information
sedimentation at finite Rep, and (3)experimental results, on the particlemotion and interaction at finite particle
We present new results from 3-D computational analysis of Reynolds number. Their finite element simulation is based
solid particle(s) sedimentation. The emphasis of this paper on solution of the Navier-Stokes equation for the fluid do-
is on demonstration of the accuracy, robustness, and com- main using a commercial software, POLYFLOW. The pro-
putational efficiency of our approach. Some new 2-D and cedure involves computation of the net force and torque on
3-D results for sedimenting ellipses and prolate spheroids the solid particle; explicit translation and rotation of the
will also be presented. The results indicate that the sedi- particle, remeshing, and projection of the solution from
mentation dynamics of prolate spheroid objects in a chan- the previous time step onto the remeshed computational
nel consists of a series of time-periodic equilibrium states domain at every time step (Hu et.al., 1992). Up to date,
with marginal steady states in between, only 2-D solutions have been reported due to the excessive
computational time required by this approach. Analysis of
3-D problems involving transport of solid particles require
1. INTRODUCTION a more efficientcomputational method.
Many manufacturing processes involve transport of We take a different approach which we believe is more
solid particles suspended in fluid in the form of slurries, efficient than convential method. Our approach is to solve
colloids, polymers, or ceramics. For cases where the parti- the discrete Boltzmann equation for the fluid phase as it is
cle's inertia can be neglected, the dynamics of single par- coupled, through fluid-solid interaction rules, to the trans-
ticle motion, interaction with other particles, and effects lation and rotation of the solid particles suspended in the
on the bulk properties are well understood. However, in fluid. The discrete Boltzmann equation treats the contin-
many particle transport applications, the particle inertia uum fluid phase as a set of fluid particles which move in dis-
cannot be neglected. In these cases, the effects of patti- crete directions. It is well established that with an appro-
cle motion and particle-particle interaction on the micro- priate equilibrium distribution function, the discrete Boltz-
structure and the macroscopic transport behavior are not mann equation will reduce to the Navier-Stokes equation
well understood. In fact, very basic information, such as (McNamara and Zanetti, 1988; Chen et al., 1992; Hou et
the effect of inertia on interaction of two solid particles al., 1995). The advantage of this approach is based on the
in a simple shear flow is unavailable. In order to study local nature of the computations, that is numerical com-
munications between the computational nodes are with im-
* Author to whom correspondence should be addres- mediate neighbors only. Furthermore, there is no need for
sed. solutionof linearsystems.Therefore,this methodcanbe
efficiently implemented on parallel processors. That is the We use a three speed lattice-Boltzmann model where
computational domain can be divided and distributed on the fluid particles can be at rest or can move along the
many processors with little communication between each horizontal/vertical and the diagonal directions. The ye-
processor. We demonstrate the advantage of this approach locity vectors are denoted as e01 for the fluid particles at
in the last section of this paper by presenting results of rest, eli and e2i for the fluid particles moving along the
computational time required for 3-D simulations, non-diagonal and diagonal directions, respectively. The
Application of the Discrete' Boltzmann method to velocity vectors are defined as
analysis of particles suspended in fluid is a natural ex-
tension of this approach. This idea was first proposed by e01 =(0, 0), (1)
Ladd et al. (1988), who used the lattice-gas approach, and
eli =(cos i-2 1_r, sin i-2 l_r)' i = 1,..., 4, (2)later, the lattice-Boltzlnann method (Ladd, 1994) to sim-
1¢ ( 7r
o
ulate transport of pseudo-solid particles with an interior 2 _r+ _),sin( _ -2 _r+ _)),fluid mass. In other words, Ladd's model requires fluid to e2i =V_ cos i
1 7r'
cross the boundary of the suspended solid particle and oc- i = 1,..., 4, (3)
cupy the entire domain such that the computational nodes
inside and outside the solid particle are treated in an iden- where the value of i refers to each of the four diagonal or
tical manner. This method is accurate in most situations non-diagonal directions. The lattice Boltzmann equation
where inertia is not important. As Ladd (1994) recognized, is given by
in unsteady problems, where inertia becomes important,
the fluid inside the 'solid' particles generate some error in f_i(x + e_i, t + 1)-f_i(x,. t) =
the solution. We show that in these situations, the error --_ [f_.i(x,....t) t)], (4)
accumulates in time into large deviations from the actual l'
solution, where f_i(x, t) (ct = 0, i = 1;_ = 1,2, i = 1, .. , 4) rep-
To have a robust and accurate computational method, resents the single-particle distribution function, f?i)'(x, t)
we have developed a method based on the discrete- is the equilibrium distribution function, and l' is the single
Boltzmann equation for analysis of real impermeable solid relaxation time. In our simulations, f?) (x, t) is taken as
particles suspended in the fluid (Aidun and Lu, 1995). In
this paper, we briefly outline the method and provide a se- f(°i) (x, t) = p(x)[A_ + B_(e_i. u)
ries of comparisons with known solutions and experimental
data to demonstrate the accuracy and robustness of this + C_(e_i. u) 2 + D_i_2], (5)
approach. We show that this method works well when ap- where p(x) is the fluid particle density at the node, and
plied to suspension flow with or without inertia for steady the constants in (5) are given by
or unsteady flows. We compare our results with the re-
sults of Feng et al. (1994a) and Feng & Joseph (1995) 1
for sedimentation of circular and elliptical cylinders in a A0 = _, Bo = 0, Co = 0, Do = 0,
channel (2-D simulations). We extend the computations 1 1 1 1
to much longer times to get equilibrium solutions for par- A1 = _, B1 = _, Cz = _, D1 = -_, (6)
ticle Reynolds numbers ranging from 0.01 to 6.08. We show 1 1 1 1
that an interesting set of equilibrium time-periodic states A2 = _-_, B2 = _-_, 6'2 = _, D2 = _.
separated by marginal steady equilibrium states exist in
the range of 0 < R% _<6.08. Also, we present new results For this model, the parameter c, = _'_, and the kine-
for 3-D analysis of prolate spheroids for Re v = 2.26. matic viscosity is v = (2_' - 1)/6. The density and the
macroscopic velocity are obtained from the first two mo-
ments, given by
2. LATTICE BOLTZMANN EQUATION
In the lattice Boltzmann simulations, the fluid phase p(x, t) = Z f_i(x, t),
is modeled by a set of fluid particles which are distributed _,i (7)
in a regular lattice, according to a distribution function, p(x' t)u(x, t) = Z f_i(x, t)e_i,
and move along the lattice links with discrete velocities. _,i
The distribution of fluid particles evolves according to the
discrete Boltzmann equation. It has been established that respectively. In 3-D, the fluid phase is modeled by a group
the full Navier-Stokes equation can be recovered from this of fluid particles moving in a simple cubic lattice with dis-
system (McNamara and Zanetti, 1988; Chen et.al., 1992). crete velocities. There are 19 different velocities which fall
into three categories according to their magnitudes. Each located on the solid boundary adjacent to the interface be-
category has the same magnitude but different directions, tween the solid and the fluid. Each of these solid-boundary
The velocity vectors are denoted as e_i with _ --- 0, 1,2. nodes has at least one lattice link connecting to a fluid
Table 1 lists all 19 different velocity vectors. With these node, that is a node in the fluid domain. The fluid nodes
19 velocities, at each time step, the moving fluid particles with at least one link connecting to a solid-boundary node
leave the original node and arrive at the nearest node along are the fluid-boundary nodes. The boundary conditions at
a given direction. The distribution of fluid particles evolve the solid surface are imposed along the links connecting
according to the distribution function f_i(x, t) (_ = 0, i - the two sets of solid and fluid boundary nodes. The trans-
1;_ - 1,i - 1, ..., 6;_ - 2, i 1, ..., 12). The con- fer of momentum between the fluidand the solid object
stants for the equilibrium distribution function, f(°i)(x,t) also occurs along the lattice links that connect the solid-
in 3-D applications are given by boundary node to the fluid-boundary nodes. We refer to
these links as the boundary links.
1 The boundary condition imposed at the solid-fluid in-
A0=_, B0=0, C0=0, D0=0, terrace is the no-Slip condition; that is, the fluid adjacent
1 1 1 1 (8) to the solid surface moves at the same velocity as the solid
A1 -= _-_, B1 = _, C1 ='_, D1 =-_, surface. The solid boundary is always assumed to be at
1 1 1 the middle point of the boundary link. In this case, the
A2 - _-_, B2 = _, C2 = _, D2 = 0. fluid particles impact the solid boundary in the middle -
of the convection process and exchange momentum with
The parameter c_ and kinematic viscosity have the same the solid object (Fig. l). Ladd (1994) provides a relation
values as for the 2-D case defined above, for the exchange of momentum between the fluid and the
solid boundary nodes. As mentioned before, he assumes
Table 1: List of 19 velocities that the fluid particles can occupy the entire domain in-
k _r i e_i i.e,i[ cluding the volume of the solid particle. The fluid inside
0 0 ..... i _ (0,0,0 ! ..... 0 the solid particle exerts a time-dependent force on the solid
1 1 1 (1,0,0) 1 particle (Ladd, 1994) based on the particle's inertia which
2 2 1 (1,1,0) V_ is influenced by the fluid inertia inside the particle.
3 1 2 (0,1,0) 1 We have developed a method which does not require
4 2 2 (-1,1,0) V_ ' transfer of fluid into the solid particle and, therefore, ap-
plies to real suspensions (Aidun and Lu, 1995; Aidun et al.,
5 1 3 (-1,0,0) 1 1997). Here we only briefly outline our method, for more
6 2 3 (-1,-1,0) vt2 details, refer to Aidun et al. (1997). In this method the
7 1 4 (0,-1,0) 1 force on the solid particle consists of the body force and
8 2 4 (1,-1,0) V_ the hydrodynamic force exerted on the surface from the
9 2 5 (1,0,1) V_ nodes outside the solid boundary which ar e occupied by
10 2 6 (0,1,1) V_ fluid. The nodes inside the solid boundary are solid nodes
11 2 7 (-1,0,1) ...... vf2 and, therefore, contain no fluid. Consequently, the trans-
12 2 8 (0,-1,1) vt2 fer of momentum is only between the solid boundary and
13 1 5 (0,0,1) 1 the adjacent fluid. The force on the solid particle along
14 2 9 (-1,0,-1) V_ the boundary link (_i) is given by
15 2 10 (0,-1,-1)
1
16 2 11 (1,0,-1) v_ F_i(x, t + _) - 2[f_i(x, t) + pB_ub, e_i,]e_i, (9)17 2 12 (0,1,-1) v_
18 1 6 (0,0,-1) i and the particle distribution function along the bounce-
back links at the solid boundary is given by
3. BOUNDARY RULE AND DYNAMICS OF f_,(x, t + 1) = f_(x, t+) + 2pB, ub .ea_, + e_Sp, (10)
PARTICLES
In the lattice Boltzmann simulation of suspension where i is the direction toward the solid boundary along
flows, the solid particles move in a continuous way based the boundary links and i' is the opposite direction, as
on the Newtonian dynamics principles. The boundary of a shown in Fig. l. Here 6p is the total 'extra mass' at the
solid particle is defined by a set of lattice nodes which are boundary node and e_ is a constant (Aidun and Lu, 1995).
The purpose for the isotropic term 'esSp' in (10) is to 1o- for translation where FBN stands for the fluid-boundary
cally balance the mass around the solid particle. Previ- nodes, and,
ously, we (Aidun and Lu, 1995) used this term to impose a
node-wise mass balance using the rest particles (i.e., e0 _ 0 I. d_
and E1= e2 = 0) A simpler and more efficient approach is '_' + _ x (I. fl) = E E E Tsi(x, t), (16)· FBN s i
to only require a net mass balance around a moving solid
particle. With this approach, es = 0; and the density for for rotation of the solid particles. Here M is the mass of
a new fluid node uncovered due to the motion of the solid the suspended particle, and I and _ are the inertia tensor
particle is obtained with the following relation and angular velocity. The above two equations completely
prescribe the motion of the suspended solid particles in the1
p(x_,t + 1) = _ Zp(xb + esi, t+), (11) fluid. These equations are solved using a 4th order accu-· Nb rate Runge-Kutta integration procedure. In the following
· sections, we use several examples to show the accuracy and
where subscript b denotes a new boundary node and N_ is reliability of this method. For more detailed outline of the
the number of nodes adjacent to the uncovered boundary computational method, refer to Aidun et.al. (1997).
node. This relation states that the fluid particle density of
the new node is equal to the average fluid particle density
of its neighboring nodes. The macroscopic velocity of the 4. RESULTS
new boundary node is equal to the solid .boundary node Several 2-D and 3-D cases are analyzed in this section
at the time step when it is uncovered. These values are to examine the accuracy of this method. The 2-D results
used in (5) to compute the equilibrium distribution func- are for analysis of cross-flow over a circular cylinder in a
tion f(0) (xb, t+ 1), for the newly uncovered boundary node. channel, the rotation of an ellipse in a simple shear flow,
For future time steps, the mass and macroscopic velocity the sedimentation of a circular cylinder in a channel, and
of the boundary nodes are computed based on Eqs.(4) and the sedimentation of two ellipses in a channel. The 3-D
(10). We believe that the simpler approach presented here results are for sedimentation of a sphere inside a square
is more accurate and robust than the methods presented channel and sedimentation of two prelate spheroids in a
by Ladd (1994) or by Aidun and Lu (1995). large rectangular channel.
The macroscopic boundary velocity vector u_ used in The governing equations for particle motion in fluid
the boundary rule is obtained from the translational veloc- are the usual Navier-Stokes and continuity equations com-
ity, U, and the angular velocity, fl, of the solid particle; plemented by the Newtonian Dynamics equation for the
that is motion of the solid particle. In non-dimensional form,
1 these equations are given by
ub(x, t) = U(t) + _(t) x (x + _esi- X), (12)
)where x is the position vector from center of mass to the Re -_- + u. Vu = -Vp + V2u, (17)
respective node on the boundary, and X is the position
vector of the center of mass in the inertial frame. V. u = 0, (18)
For a given link (o'i) on a fluid-boundary node, the d3/
force on the solid particle is given by otqRe_.. = f + q(ot- 1)Fr -1 Re, (1O)
where length, velocity, time, and force are scaled by d, U,Fsi -_ 0,2(fsi 4-pBsub .e_i,)e,i, otherwise,b°undaryli k, (13) d/U, and I_U'd, respectively. There are four parameters
irt this equation that influence the flow. These are the
whereas the torque, T,_i, with respect to the center of mass, Reynolds number, Re = pUd/I,, the solid to fluid density
X, is given by ratio, a = p,/p, the Froud number, Fr = U2/gd, and the
1 shape parameter, q = m/p,d '_, where m is the mass of
Tsi = (x + _esi - X) X Fsi. (14) the solid particle. For 2-D cases, m and force are per unit
length, and therefore, n = 2; for 3-D cases, n = 3. The
With the net force and the torque calculated from magnitude of the hydrodynamic surface force, f, and the
the above equations, the motion of the solid particle is body force due to buoyancy, the second term on the RI-IS of
determined by solving Newton's equations as follows: (19), determine the acceleration and the equilibrium state
of the suspended particle. In particle sedimentation prob-
MdU- - E Z E Fsi(x,t), (15) lems, as Re _ O, the parameter Re/Fr has to remain
dt F BN s i finite.
The quasi-steady approximation for particle motion that for this case, since the flow is steady state, the results
neglects the fluid, as well as, the solid inertia. The govern- are the same.
ing equations (17)-(19) reduce to
4.2 Rotation of an Ellipse in a Simple Shear Flow
Vp = V2u, V. u = 0, F = 0, (20) at Re _ l:Comparison with Jeffery's solution
where F is the sum of forces on the solid particle. Feng Motion of an ellipsoid (x2/a 2 -/-y2/b2 4' z2/C 2 ---_ 1)
and Joseph (1995) use (m/pU) 1/2 to scale time instead of in a simple shear flow is analyzed by Jeffery (1922) for
the vanishing particle Reynolds number. To examine the
d/U and rewrite (17)-(19) as results from our computational analysis, we solve for the
1/2 motion of a 2-D elliptical cylinder. This case corresponds
+ Reu. Vu = -Vp + V2u, (21) to one of Jeffery's special solutions, given by
V. u = 0, (22) X = tan-1 tan b2 + c2 ,
m Re 1/2 - F. (23)
c2
dt X - b2 + c2 (b2c°s2 X + sin2 X),
This results in Re -1/2 larger scale for the Ou/Ot term than
the convective term u. Vu. They then state that for small where X and _ are the angle and the angular rate of the
but finite Re, it may be more appropriate to only neglect rotation, _ is the shear rate and t represents time. In this
order Re terms and retain the fluid and particle inertia problem, one of the ellipsoid's principle axis, x, is always
terms that are order Re 1/2. parallel to the shear field vorticity vector. This solution
In our computations, we include all of the inertia and also applies to a 2-D ellipse which is the limit of an ellipsoid
viscous terms regardless of the value of Re. We examine with one principle axis extended to infinity.
the behavior of particle motion and sedimentation for 0 < Our computational domain is 640 × 320 lattice nodes.
Re __ 6.08. We consider the full momentum equation at R% =
_/b2/v = 0.08, where the major axis b = 2c. The compu-
4.1 Flow Over a Circular Cylinder in a Channel tational results are compared to 3effery's solution in Fig.
(2-D), Rep = I 5 with very good agreement. Further decrease in particle
A circular cylinder moves along the centerline of a Reynolds number in our computation results in a perfect
channel with velocity U, as shown in Figures 2. To solve overlap of the two solutions.
for the velocity and pressure profile, one can either fix the
coordinate system with the cylinder (Fig. 2a) or the wall 4.3 Sedimentation of a Circular Cylinder in a
(Fig. 2b). The Navier-Stokes equations, being Gal[lean in- Channel (2-D) ........
variant, give exactly the same velocity and pressure profile In this section, we consider the sedimentation of a sin-
for these two cases, gle circular particle in a narrow channel. Recently, Feng et.
The computational domain is 64 × 64 lattice units, al. (1994a)have simulated this problem by directly solving
Periodic boundary conditions are applied at the sides of the Navier-Stokes equations for fluid, and Newtonian dy-
the domain and no-slip conditions are imposed along the namics equations for the solid particles. They found that
solid surfaces. The channel width is 6d, where d is the if the density ratio is close to 1, and the terminal veloc-
diameter of the cylinder. The particle Reynolds number, ity of the particle is small, the particle enters a damped
Rep, defined as Ud/v is 1 (v is the kinematic viscosity), oscillation and then reaches its steady state.
We solve these two cases with the discrete Boltzmann In our computational analysis, we used the same con-
equation using the method outlined in the previous sec- ditions as Feng, et. al. (1994a). That is, a circular parti-
tion for the moving solid particle of case b. The results for cle of diameter d is released in a vertical channel of width
the velocity profile and the pressure distribution along the L -- 1.5d which then settles under gravity. The initial posi-
surface of the cylinder for each case are presented in Fig- tion of the particle is off the centerline of the channel. The
utes 3 and 4, respectively. There is perfect agreement for density ratio of solid to fluid is 1.3. The inlet of the do-
the solution of the two cases showing that the solid-fluid main where zero velocity is applied uniformly is always 10d
boundary rule for moving objects, outlined above, gives from the upstream side of the moving particle, whereas the
the same result as the solution of the Boltzmann equation downstream boundary is 15d from the particle. The nor-
for stationary boundaries. We have also compared the re- mal derivative of velocity is set to zero at the downstream
suits from Ladd's method with our simulations and show boundary. Fig.6 shows the lateral motion of the particle
for both the present model and Ladd's model. As compari- As shown in this figure, there is good agreement between
son, some typical data points from Feng, et. al.(1994a) are the experiments and our computational results.
also shown in Fig.6. The present model gives a damped
oscillation which is in agreement with Feng's simulation, 4.5 Sedimentation of two ellipses in a channel
while Ladd's model shows a significant phase difference al- (2-D)
ter the first cycle. Since the transient process is important .... The dynamics of two identical ellipses sedimenting in a
in this system, the fluid inside the particle in Ladd's model long channel shows interesting behavior. Feng and Joseph
results in a significant error. (1995) studied this problem at Re <_<_1 by direct solution of
In conclusion, the new boundary rule presented above the steady as well as the unsteady StOkes equation. They
and in Aidum et.al.(1997) is accurate for unsteady as well show that the results computed frcim the unsteady Stokes
as steady state problems. We have a number of additional equation is qualitatively different from the steady Stokes
comparisons for this case which are presented in Aidun & equations using quasi-steady approximations as in Stoke-
Lu(1995). sianDynamics(Bradyand Bosis,1988;ClaeysandBrady,
1993).
4.4 Sedimentation of a sphere in a channel (3-D) The ellipse have an aspect ratio of 2:1 where major
In th is section, we present results for the sedimenta- axis is d. They are released at t = 0 from a vertical
tion of a single spherical particle in a long square channel, orientation (i.e., initially the major axis is parallel to the
A spherical particle of diameter d is released in a vertical direction of gravity) with initial center-to-center distance '
square channel of width L which then settles under grav- 2s = d. The halfway separation point is at the center of
ity. The sphere is initially released at the center of the the channel which is a symmetry plane. Similar to Feng
cross section of the channel with zero velocity. The par- and Joseph (1995), we use a computational domain that
tide settles along the axis of the channel and reaches its 10d wide and 25d high. The computational domain moves
terminal velocity. With the walls at a finite distance from with the particle in such a way to always keep the parti-
the particle, the terminal velocity will be leas than the ter- des' center 10d above the bottom boundary. As mentioned
minal velocity of an unconfined particle. Aidun and Lu before, we include all of the viscous, inertia and body force
(1995.) have analyzed the 2-D version of this proble TM for in our computations. To compare with the results of Feng
0 < Re < 3.3 and compared their results with the numer- and Joseph (1995), we include a small Re case in the com-
ical results of Feng et.al., (1994) with perfect agreement putations.
in all cases. Here, we present results from analysis of the The results for center-to-center separation and angu-
3-D problem and we compare our results with the exper- lar rotation for Re = 0.01, 0.12, 0.47, 1.09, and 6.08 are
iments of Miyamura et. al. (1981) who give a correlation presented in Figures 8a-f, respectively. The particle con-
for a best fit to their experimental data points. We have figuration for these cases is presented in Fig.9. Here the
not been able to find any other 3-D computational simu- density ratio, a = 1.003, shape factor q = _r/8, and the
lations of this problem. With the new model, the lattice Froude number, Fr, depends on the terminal velocity. For
Boltzmann simulation has been carried out for the 3-D sed- small Re the results are compared to finite element com-
imentation in the same conditions as the experiments. In putations of Feng and Joseph (1995) in Fig. Sa with perfect
our analysis, the channel is divided into 1024 x 64 × 64 lat- agreement. The ellipse rotate in a periodic state as they
rice units. The inlet of the domain where zero velocity is settle inside the channel. For our case with Re = 0.01, we
applied uniformly is always 400 lattice units away from the see that the weak inertia present in the system results in
particle, whereas the downstream boundary is 624 lattice a slight increase in net separation after each cycle. Even-
units downstream from the particle. The normal deriva- tually the particles drift away from the time-periodic state
tive of velocity is set to zero at the downstream boundary, represented by the limit cycle at Re = 0 and approach
We also include results of a coarser grid, 512 x 32 x 32, another time-periodic equilibrium state. The second limit
for evaluating the effect of computational resolution. The cycle is qualitatively different since a periodic tumbling
wall effect is defined as motion replaces the full somersault orbit of the particles.
This behavior can be more clearly observed whenRe = 0.12
= _t/uo in Fig.8b. The particles go through two complete revolu-
tions while they drift away. The solution approaches a
where _t is the terminal velocity with nearby boundary stable limit cycle at z/d = 75. At Re = 0.4- 0.7, the
walls, and _0 is the unconfined terminal velocity from particle make only one full revolution before approaching
Stokes equation. Fig. 7 shows a comparison of the re- an equilibrium state.
sults from our computational analysis with the best curve The results suggest the following mechanism. At
fit to the experimental data of Miyamura et. al. (1981). /re = 0, the system instantaneously approaches an equi-
librium state, which in this case, is a full revolution time- tion1997.
periodic state, a 'somersault' limit cycle. There is a turn- Brady, J.F. and Bossis, G., 1988, "Stokesian Dynam-
ing point in the solution at Re = 0, that is the somersault ics," Annual Rev. Fluid Mech., 20, p l 11.
limit cycle solution ceases to exist at Re > 0. This is due Chen,H., Chen,S., and Matthaeus,W.H., 1992, "Re-
to the particle inertia which has a commulitative effect, covery of the Navier-Stokes equations using a lattice-gas
eventually large enough to prevent full particle rotation. Boltzmann method," Physical Review A, 45, R5339.
At Reynolds number about .1 and higher the particle Claeys,I.L. and Brady, J.F., 1993, "Suspensions of pro-
motion quickly reaches another qualitatively different equi- late spheroids in Stokes flow, Part 1, Dynamics of a finite
librium state, as shown in Figures 8e,f and 8e,f. The large number of particles in an unbounded fluid," J. Fluid Mech.,
periodic meadoring motion of the particle seen at small 251, p411.
Re is suppressed at Re _> 1. In this range of Reynolds Feng, J., Hu, H.H., and Joseph,D.D., 1994a, "Direct
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Figure 2. A circular particle moves along the center-
line of a straight channel. (a) The coordinate system
is fixed with the cylinder while the top and bottom
walls move with a constant velocity. (b) The particle
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Figure 3. X componentof velocity field along hori- Figure S. Rotation of an ellipse (i.e., a 2-Dellipsoid2 2 2 2 2
zontal lines. + is for the present model applied to x 7a +y_/b +z lc =1, l/a-_0) in a simple shear flow
the moving cylinder, O is for Ladd's model. The u=0,v=0,w=_y at small particle Reynolds number.
Galilean transformed results for the case of the Jeffery's solution is for Rep=0 and our computa-
fixed particle are presented by the sliod lines, tional results are at Rep--0.08.
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Figure 6. Settling trajectory of a circular particle with Figure 8a. Sedimentation of two identical ellipses
Reynolds number 6.28. Comparison between two dif- from initial vertical orientation in an infinitely long
ferent lattice Boltzmann models (solid and dashed vertical channel for Reynolds number ranging be-
lines) and the simulation results of Fend et.al., 1994 tween 0.01 and 6.08. d is the length of the major
(open circles). The solid line is obtained using pre- axis; s is half of the center-to-center separation be-
sent lattice Boltzmann method: The dashed line is tween two ellipses; 0 is the angle of rotation from
initial configuration, and x is the vertical sedimen-
thebaSedsolid°nparticle?Ladd's994) method allowing fluid inside tation distance from initial position at x=O. Eachplot from (a) to (f) corresponds to diagrams (a) to
(f) in Fig.9, _respectively. The results obtained by a
quasi-steady approximation, neglecting both the
_.0 fluid inertia and the particle inertia, and the results
obtained in absence of fluid inertia, considering the
inertia of solid particles (Fend and Joseph, 1995),
are also shown in (a).0.8
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Figure 7. Wall effect on a single sphere settling in a
long square channel. The solid line is a best fit to the
experimental data of Miyamura. The open circles and o.o .................................................
+ symbols are from our lattice Boltzmann computa- 0 s0 _00 _s0 200 25o· x/d
tional analysis. The results are within the experimen-
tal error. Figure8b. SeeFigure8afor caption.
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Figure 80. See Figure 8a for caption. Figure 8e. See Figure 8a for caption.
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Figure 8d. See Figure 8a for caption. Figure 8f. See Figure 8a for caption.
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Figure 9. Snapshots of the ellipses in time during sedimentation. The Reynolds number, from 0.01 to 6.08,
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Figure 10. Sedimentation of two identical prolate spheroids from initial vertical orientation in an infinitely
long vertical channel for Reynolds number 2.26. The computational domain is 25dx10dx5d discretized by
400x160x80 (1) or 200x80x40 (2) nodes.
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